Let u : A → B be a morphism of noetherian local rings. We obtain smoothness criteria for algebras with differential bases, in the case of rings containing a field of characteristic p > 0. We also give smoothness criteria for reduced morphisms.
Introduction
Let p be a prime number. All over this paper, by a ring of characteristic p, we will mean a ring containing a field of characteristic p. For our results we need some preliminary considerations. Let A be a ring of characteristic p > 0. Denote by A (p) the A-algebra A given by the Frobenius endomorphism of A. For a ring morphism u : A −→ B we have the following commutative diagram: Remark 1.1 We shall freely use the definitions and notations from [5] and [6] with respect to smoothness, regular morphisms, p-basis etc. 
A generalization of a result of Tyç
In [12] , as a consequence of Theorem 1.4, A. Tyç proved the following smoothness criterion for a k-algebra, where k is a field of characteristic p > 0. Proof: Since u is injective, by 1.4 it follows that any differential basis of B over A is also a p-basis of B over A. On the other hand, from the reducedness of A (p) ⊗ A B we get that the Frobenius morphism of
and F (a ⊗ b) = a p ⊗ b p . It follows that ω B/A is injective. Now we apply 2.2.
As a consequence of 2.3 we obtain the original result of Tyç (see 2.1).
Smoothness and reduced morphisms
In this section, mainly as consequences of the results in the previous section, we obtain some smoothness results for reduced morphisms. Let us first remind the definition of reduced morphisms. Proof: It is well-known that a) and b) are equivalent. Also it follows from 1.4 that c) and d) are equivalent. Let us prove that b) ⇒ c). Finally we give an application of Theorem 3.2 for integrable derivations [7] . Proof: By Theorem 3.2 u is smooth. It follows that H 1 (A, B, E) = 0, for every B-module E. Now we apply [7, Theorem 8] . Then A is reduced, even normal, hence geometrically reduced over k. It is easy to see that Ω A/k is a free A-module with basis {xdx + ydy, dz}, where d = d A/k is the universal derivation. Since Der k (A) = Ider k (A) [7, Example 6] , it follows that A doesn't have a differential basis over k.
